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Abstract-A qu~tum-mechanical model for the theoretical calculation of optical activity in “pseudo” n-systems is 
presented. Based on refined onedimension~ electron gas theory, the model allows for a rapid evaluation of electric 
and magnetic transition moments and of origin-independent rotational strengths. The inffuence of varying wave 
functions and geometry on the rotational strengths of skew butadiene conformations is discussed, 

ZvEin quantenmechanisches Model1 zur Berechnung der optischen AktivitPt von “Pseudo” ?r- 
Systemen wird entwickelt. Auf der Grundlage der verfeinerten eindimensionalen Elektronengastheorie erlaubt das 
Model1 die schnelle Berechnung von elektrischen und magnetischen ~~rg~gsmomenten und von 
k~rdinatenu~p~ngsunabh~ngi~en Rotationsst~rken. f&r Einfluss der Wellenfunktionen und der Geometric auf die 
Rotationsst~rken von chiralen BuIadienkonformeren wird diskutiert. 

IMRODUCTION 

In the past there have been numerous applications of the 
quantum-mechanical theory of optical activity to large 

molecular systems of biological importance in order to 
obtain info~ation about the molecular con~guration 
which is difficult toget otherwise. A few examples are: the 
studies of vitamin 812 and its derivatives on the basis of 
LCAO-MO-theory,’ the use of Kirkwood’s polariz?bility 
approximation in the analysis of the CD spectra of 
chlorophyll and its aggregates,’ and the many applications 
of exciton and classical oscillator theory to the study of 
biopolymer configurations.’ 

One-dimensional electron gas theory has been applied 
with success to the analysis of ordinary absorption 
spectra of many similar systems, ranging from the 
theoretical treatment of the corrinoid absorption’ and the 
investigation of the typical absorption pattern of porphin 
ring systems’ to the presentation of new proposals for the 
molecular structure of dye aggregates.” No general effort 
has been made, however, to use electron gas theory in the 
calculation of optical activity of dissymmetric molecules, 
but only very special helical arrangements without exp- 
licit consideration of the actual atomic loci in space have 
been treated.‘” We have developed a scheme which 
allows the use of one-dimensional electron gas wave 
functions to calculate the rotational strengths of eiec- 
tronic transitions in non-planar “pseudo” ?r-systems of 
any given configuration. The basis for CT-T separability in 
such molecules is more questionable than in planar 7~- 
systems. However, from the results obtained so far we 

*Taken in part from the disse~ation of H. J. Nolte, Marburg 
(1973). 

conclude that 7r-electron wave functions form a basis for 
the calculation of transition densities which compares 
well with more elaborate methods. The ease with which 
these functions are obtained allows the c~cutation of 
many different nuclear confi~tions and through poten- 
tial corrections’ these functions may represent largely 
delocalized as well as localized systems with a high degree 
of double bond fixation. This corresponds to an almost 
continuous transition from the quantum-chemical view of 
delocalized molecular orbitais to the classical coupled- 
oscillator concept.” 

THFLIRY 

The quantum-mechanical expression for the rotational 
strength Rk associated with the transition of a system 
from the ground state ut, to the electronically excited 
state % was derived almost half a century ago:” 

Rk = fm {(‘u&cl%). (u;~/&n~%)}. (1) 

The electric and magnetic moment vectors are defined as 
sums of one-electron operators, 

the summation being over all electrons n. lm in (1) means 
that only the imaginary part of the dot product of the 
eiectric and magnetic dipole moment is to be taken. In (2) 
and (3). m and e are, respectively, mass and charge of an 
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electron, T. th_e position vector to the n-th electron, and 
for the tilde ( ) on the nabla operator see below. 

(a) The orbit&. In electron gas theory the wave func- 
tions Y are formed as simple products of one-electron 
orbitals (I, of energies B which are solutions of the 
one-dimensional Schroedinger equation: 

d’d, 2m 
x + F (RI - V(s))@1 = 0. 

In (4), s represents the internal one-dimensional coordi- 
nate, and V(s) the potential in which the electrons are 
assumed to move. This potential is adjusted to the 
molecular geometry in two respects. First, it reflects, in a 
manner already described9 the different bond lengths in 
the molecule which arise from the charge density of all 
occupied orbitals. Second, the decreased overlap of the 
*system in the distorted, non-planar pskeleton of the 
actual nuclear configuration is taken into account (see the 
calculated example). Self-consistence of the orbitals JI, 
with the potential V(s) is then achieved in the usual way.9 
Eqn (4) is solved in the finite-differences approximation of 
Stratmann and Seelig.‘* Note that up to this point the actual 
nuclear configuration of the molecule is of no influence on 
the orbitals, except for the second potential correction. 
The calculation is purely topological taking into account 
only the connectedness of the different atoms in the 
molecule. Finally the orbitals are attached to the nuclear 
skeleton in the given configuration in space, and electric 
and magnetic transition moments are calculated in the 
external coordinate system. 

(b) The moments. The electric transition moment (2) 
presents no difficulties, its calculation in a non-planar 
system being analogous to a planar system.” With respect 
to the magnetic moment one has to be careful to use a 
hermitian momentum operator for which we define the 
gradient operator V by 

where (Fig. 1) 

Ai=ia,+l&+kn (5a) 

is the vectorial coefficient of the direction cosines of the 
ith straight chain segment with end points s, and s,+!, 
usually two atoms linked by a bond. The term in brackets 
is defined as 

[$o’oJl&’ = $O(si+l)$k(&+l)- $O(d!bk(%). (%I 

With the gradient operator in this form, the following 
relation holds exact (Appendix): 

,Jo$jk ds = m’E;; &) 7 1;“’ 'b+k ds, (6) 

*In the actual program, electric moments are still computed in 
the dipole velocity formalism which we originally had believed 
necessary for obtaining origin independent rotational strengths. 

where the summation is over all straight chain segments in 
the molecule. From Eqn (6) it follows directly that rota- 
tional strengths calculated in this manner will be indepen- 
dent of the choice of origin.” 

In the finite difference approximation’* the wave func- 
tions are obtained in terms of their numerical values at 
points q of equal distance A along the coordinate s, and 
the moments are obtained, instead of integration, by 
summation over all points q. For the electric moment* 

(7a) 

and for the magnetic moment 

where the index i extends over all chain segments and 
Aq = Ai for all points on the i-th segment. For the differen- 
tial d/ds in this approximation see Ref 12. 

Pii. I. Part of the u-skeleton of a molecule in arbitrary 
conformation in a cartesian coordinate system. The direction 
cosines 01,. j?, and y, of the ith chain segment used in the vectorial 
cocficient A, of Eqn (5) a~ defined as, respectively, Ax,/1,, Ay,/I, 

and AZ,/!,. 

Though our aim is the calculation of rotational strengths 
of large unsaturated systems, we have applied our method 
as the first test case to a small chiral system, the skew 
conformations of butadiene, which has been the subject 
of several investigations before.**‘%” In the calculations, 
three different sets of wave functions were employed: (a) 
in the simplest form of electron gas theory V(s) is set 
equal to zero in Eqn (4). -l-he wave functions are then 
given by 16; = a sin (ias/L). L, the length of the chain, 
is taken to be 5.1. 39 A = 6.95 A, since the functions are 
assumed to extend one bond length beyond the last atom 
in a chain; (b) to account for the localization of the 
n4ectrons in the double bonds, a correction potential 
V(s) was employed which depends linearly on the charge 
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density in each bond. In this way self-consistent wave 
functions9 are obtained; (c), since the localization of the 
tilectrons presumably increases when the dihedral angle 
between the two double bonds is increased from zero in 
the planar to 90” in the perpendicular form, we have added 
a correction to the potential by assuming that the elec- 
trons move on the average at a distance d above and 
below the pskeleton.6 Then in a non-planar molecule the 
path length 1 between two atoms a distance lo apart is 
increased to 

I = (lo’ + d’@‘)“‘, (8) 

0 being the dihedral angle between the neighboring bonds. 
With d set equal to 0.75 A” 1 is converted via the bond 
length bond potential relationship into a potential correc- 
tion which slightly modifies the wave functions. 

In Fig. 2 the rotational strengths of the four longest 
wave length electronic transitions between the calculated 
a-orbitals in butadiene are plotted against the dihedral 
angle of the two double bonds. The shaded area in each 
curve shows the range of R-values obtained with the 
different sets of wave functions, the lower limit of IRI 
corresponding to set a and the upper to set c. There is a 
difference of less than 5% between sets c and b. From this 
we conclude that it is important to account for double 
bond fixation in the calculation of the chiroptical proper- 
ties of polyenic systems, but that the additional localiza- 
tion of the rrelectrons due to non-planarity appears to be 
of little influence on the calculated rotational strengths. 

Comparison wirh experiment. A rigid non-planar 
butadiene subunit is found in a number of steroid 
molecules.‘* For lumisterol 

HO 

a crystal structure was reported by Hodgkin and Sayre,19 
and the ORD-spectrum of the compound was measured 
by Chamey.” From the crystal atomic coordinates, we 
obtain a dihedral angle of -4” between the two double 
bonds in the moleculet and have constructed an ORD- 
spectrum of lumisterol from the relation 

In (9), [M] is the molar rotation, N* Avogadro’s number 
and A, the half band width of the j-th transition. We have 
considered two electronic transitions, at A, = 271 nm and 
A2 = 207nm as contributing to the experimental spec- 
trum,’ and with the rotational strengths Rn and RI3 

tAn angle of 8.3” has been used by others’.” in theoretical 
calculations with the result that rotational strengths are too large 
by a factor of -2. 

tmns 

Fig. 2. Calculated mtational strengths R, of the electronic 
transitions from state i lo state j in skew butadiene of right 
handed chirality. 0 = dihedral angle between double bonds. 
Maximum value IR) in shaded areas: calculation according to set c; 

minimum value: according lo set a (see text). 
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Fig. 3. Experimental (- )” and calculated (....) ORD- 
spectrum of lumisterol. A dihedral angle of 4” between the double 

bonds was used in the calculation. 

calculated for these transitions and A-values taken from 
literature data,” we obtain the spectrum shown in Fig. 3. 
The agreement between the theoretical and experimental 
curves is remarkable. 

Di.WlJ.WON 

We want to point out that other models with wave 
functions of accuracy comparable to ours would have 
yielded equally good results provided a dihedral angle of 
4” in the chromophore had been used. It was the discre- 
pancy between calculated and experimental [Ml-values 
that initiated our recalculation of the experimental twist 
angle. However, the chiral diene chromophore in lumis- 
terol appears to be of considerably less complexity than in 
many other steroids the CD-spectra of which do not even 
seem to reilect the handedness of the conjugated diene.m 
Therefore we do not think it is admissable at this time lo 
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judge the reliability of our model from the successful 
calculation of one simple system and further work to test 
the range of applicability of the method is under way. 

We would like to stress the transparency of the model 
which should prove useful in the interpretation of CD 
and ORD-spectra. As an example, consider the two long 
wave length transitions in butadiene, e2 + ICI, and lb1 + &. 
The dependence of the rotational strengths associated 
with these transitions on the dihedral angle between the 
double bonds has already been presented in Fig. 2. The 
orbitals involved in the excitations are drawn schemati- 
cally in Figs. 4 and 5, together with the transition densities 
I/I& and $I#3 which correspond, respectively, to a low 
energy in-phase coupling (B symmetry in 6 point group) 
and a high energy out-of-phase coupling (A symmetry) of 
two transition dipoles located at the double bonds. The 
analysis of the different electric and magnetic moments in 
the molecule as it is twisted along its single bond from 
cis-configuration (0 = 0) to trans (0 = 180”) shows that 
their relative orientation causes rotational strength of 
positive sign for the $I~+ 1(13 transition and of negative sign 
for the $, + 4, transition (provided right-handed helicity 
of the diene) with maximum values around the perpen- 
dicular form (0 = 90”). 

It is seen from Fig. 4 that in the low energy excitation 
rotational strength near 0 = 0 is connected with a small 
electric and a considerable magnetic moment whilst the 
reverse holds for dihedral angles near 0 = 180”. This 
demonstrates the well known fact that optical activity of 
considerable amount may be associated with weak and 
with strong absorption bands.“g One should note that for 
the high energy transition JI, + I,(Q (Fig. 5) the rotational 

R 
0 0 

- 

cn hum 

Fig. 4. The low energy in-phase B-type coupling of two transition 
dipole3 arising from excitation of an electron from +, to #, in 
chiral butadiene. This coupling is seen to &ive rise to positive 
R-values for 0 < 8 < 180”. Strong absorption occur@ at trans- 

side. 

14 
0 b -3 

Pez 
Pm2 

Pm 
130 

0 F -0 

R 

0 

CD km 

Fig. 5. The high energy out-of-phase A-type coupling of two 
transition dipoles arising from excitation of an electron from $, 10 
drJ in chiral butadiene. Coupling gives rise to negative R-values for 

0 < B < 180”. Strong absorption at the cis-side. 

strength associated with strong absorption is found at the 
cis side, opposite to the low energy transition. This 
indicates that not only the molecular frame work, but also 
the mode of coupling determines the appearance of 
absorption and CD bands. 

We are presently engaged in the theoretical study of 
other chiral systems, the results of which will be pre- 
sented in forthcoming papers.D 

Calculations were performed at the GWD computing 
center, GBttingen. 

‘G. N. Schrauzer, Narurw. 53,459 (1966); P. Day, 771eor. Chim. 
Acta Be!f. 7, 3uI (1967); H. Johansen and L. L. Ingraham, 1. 
?71wr. Biol23,191(1%9); P. 0. D. Olfenhartz, B. H. OlTenhartz 
and M. M. Fun& 1. Am. Chem. SW. 92,2966 (1970). 

‘C. Houssier and K. Sauer, Ibid 92,779 (1970). 
‘I. Tinocq Adu. Chun. Phys. Vol. IV, p. 113. New York (1%2); W. 
Moffitt, Prwc. Nat. Acad Sci. 42, 736 (1956). 

‘H. Kuhn, Proc. Roy. Sot. A288,348 (1965); H. Kuhn Fortschritte 
der Chemie orgonischer Naturslofle (Edited by L. Zechmeister) 
Vol. XVII, p. 404. Springer-Verlag, Wien (1959). 

‘H. Kuhn and W. Huber, He/n. Chim. Acta 42,363 (1959); H. D. 
F&sterling and H. Kuhn, Inr. 1. @onnon Chem. 2,413 (1968). 

“v. Czikkely. G. Dreiier, H. D. F&sterling. H. Kuhn, J. Sonder- 
mann, P. f&arm and J. Wiegand, 2 N&rj 24a, i921(1%9); 
V. Czikkelv. H. D. F&sterlina and H. Kuhn. Chem. Phw. 
Lptrers 6, il, 207 (1970); H. J. Nolte and V. B&s, Ibid 19, j95 
(1973). 

‘1. Tinoco and R. B. Woody, 1. Chem. Phys. 40, l&l (1963). 
‘M. Maestro, R. Moccia and G. Taddei, 77zor. Chim. Acta Berl 
8, 80 (1%7). 

‘F. Bilr, W. Huber, G. Handschig, H. Martin and H. Kuhn, J 
Chem. Phys. 32, 470 (1960); V. Buss and H. D. F&sterling, 
Teirahedron 29,300l (1973). 



Optical rotatory power by the one-dimensional electron gas model-l 123 

“‘W. Kuhn, Stereochemie (Edited by K. Freudenberg) p. 381. 
Deutricke, Leipzig (1933). 

“L. Rosenfeld, Z. Phys. 52, 161 (1929). 
“W. Stratmann and F. F. Seelig, Z Nafurf. 22a, 998 (1%7). 
“H. Kuhn, Helc. Chim. Acta 32, 2247 (1949). 
“A. Moscowitz. Modem Ouonrum Chemistry (Edited by 0. 

Sinanoglu), Vol. III, p. 31.-Acad. Press, New York (I%$. 
“E. Chantey, Tetrahedron 21, 3127 (1%5). 
‘“w. Hug and G. Wagniere, He/o. Chim. Acta 54, 633 (1971). 
“R. R. Gould and R. Hoffmann, 1. C/tern. Sot. 92, 1813 (1970). 
“V. Weiss, H. Ziffer and E. Charney, Terrahedron 21,3105 (1%5). 
‘9). Crowfoot Hodgkin and D. Sayre, J. Chem. Sot. 4561(1952). 
“D. Neville Jones, MTP Intemafionol Review of Science, Ser. 1, 

Vol. I, p. 85. Buttenvorths, London (1973). 
“W. Kuhn, Ann. Ret. Phys. Chem. 9,417 (1958). 
*‘W. Kauzmann, Quantum Chemistry, p. 630 Academic Press, New 

York (1957). 
“H. J. Nolte, Chem. Phys. L-tters, in press. 

APPENDIX 

For the proof of Eqn (6) we confine ourselves, for simplicity, to 
the y-component. Consider the expression 

The Cartesian value y of a point on the i-th chain segment must be 
expressed in terms of the internal onedimensional coordinate s: 

y = y, + (s - s,)&; (A2) 

y, and s, denote the fixed values y and s of the starting point of the 
i-th segment and /I, is the direction cosine of this segment with the 
y-axis. Since the wave functions are assumed to be exact solutions 
of the time-independent Schr6dinger equation we obtain from 

(Al) by introducing (4) after some manipulation 

a=_; I 
‘I.1 

$oy$; ds - #:y$. ds 
I 

(A3) 
4 

where we have used the abbreviations $: = (d’/ds’)& and simi- 
larly for SE. 

With the explicit expression for y in (A2) the second integral in 
(A3) is twice integrated by parts and we obtain after some 
straightfonvard calculation 

(A4) 

Here we have used the abbreviations #b = (d/ds)&, and similarly 
$; and the terms in brackets are defined as in (Sb). In the following 
summation over all segments i of the molecular frame, the sum of 
the first brackets in (A4) vanishes identically, if the wave func- 
tions obey the branching conditions” and vanish at any free 
end point of the internal coordinate. 

Thus we get from (A4) 

and similarly from (Al) 

Since the right-hand sides of (AS) and (A6) are identical, the same 
is true if we take the vector sums of all Cartesian components 
being obtained in a way analogous as described above. With the 
definition (5) of the nabla operator the relation (6) results. 


